ABSTRACT. Let f be a continuous map of the circle to itsel Necessary and sufficient conditions are given for the family ofiterates {f"}= to be equicontinuous.
INTRODUCTION.
Let C o (X, Y) denote the set of continuous maps from X to Y, I a closed unit interval and S the circle. Let f 6 C(I,I) and suppose that the family ofiterates off, i.e. {f"}=l, is equicontinuous. Let F1 and F2 denote the fixed point set of f and f2 respectively. A. M. Bruckner and T. Hu [4] have shown that {fn} is equicontinuous if and only if F2 N =f(I). We show that for maps of the circle the following result holds:
THEOREM. Let f 6 C(S1,S1). Then {f"}=, is equicontinuous if and only if one of the following holds: (1) f is conjugate to a rotation.
(2) F consists ofexactly two distinct points and every other point on S has period two.
(3) F1 consists of single point and F2 (4) F, o,f(S').
PRELIMINARIES.
Let f 6 C(S,S). We think of the circle S as R/Z and for z,F 6 S with x :/: F we denote by [z,y] the closed interval from z counterclockwise to y. Let d(x,9) denote the where Ix, Y]l is the length of the interval Ix, ] . For any nor, negative integer n define f inductively by f f o f"-*, where f0 is the identity map on S*. A point z 6 S is a periodic point of f if there is a positive integer n such that f"(z) z. The least inch n is called the period of z. A point of period one is called a fixed point. Let F, denote the fixed point set of f", Vn >_ 1 and P(f) the set of periodic points of f.
If x 6 S then the trajectory of x is the sequence 7(x, f) {f"(z)} ,_>o and the w-limit set of z, w(x, f) N ,,_>0 U ,_>,nf" (x). Equivalently, 6 w(x, f) if and only if $/is a limit point of the trajectory 7(x, f), i.e. f(x) --, y for some sequence ofintegers nk --* co. Let ." {f, f, f3 }. The family of functions/" is said to be equicontinuous ifgiven e > 0 there exists a 6 > 0 such that d(f(z),J(y)) < whenever d(x, 9) < 6 for all z, 9 6 S and all > 1.
The following theorem is proved by J. Cano [5] : 454 A. VALARISTOS THEOREM A. Let f .6'(I,I)s uch that {f}n=l is equicontinuous. Then F1 is connected and ifit is non-degenerate then F P(f).
The next theorem which is given in [4] and is due to A. M. Bruckner 
Similarly there is an open interval K around 92 such that for every z in K and for every n _> 1, [2] , it coincides with the set of limit points.
Therefore w(z, f) C J, for every z in L. Let K KI U J u K. Then K C L and w(z, f) C J, for every a: in K. LEMMA 2. Let f E C"(S1,S1) such that {f} is equicontinuous. Suppose that there is a fixed point p on $1, and let J be the component of F containing p. Define PROOF. There are three cases" (i) J {p), (ii) J is a poper closed interval containing p and (iii) J S1. If(iii) holds then obviously S J S1. Therefore assume (i) and (ii) hold. Then by Hence Fn is connected. Suppose that F : S1. Then F is a proper closed interval contahn8 the orbit ofp under f. Moreover f(F,) C F,. This implies that / has a fixed point on $1, contradicting the hypothesis that the smallest possle period ofthe periodic points is n 1. Hence Fn S1.
For a proofofthe following see [7] .
LEMMA . Let / U(S1, S1). Suppose that there exists a positive integer n _ 2 such that every point on S is periodic with period n. Then f is conjugate to a rational rotation. Now we consider case (I where f U(S1,S1) has no periodic points and (f is quicontinuous. The main result here is listed in Theorem 3. Note that f must be onto, since otherwise f(S1) I is homeomorphic to a closed interval and f(/') C I, so f has a fixed point. We shall adapt the techniques and use results due to L Auslander and Y. Katznelson Ill. 
